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Calibration of Accelerometers for
the Measurement of Microvibrations
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Construcciones Aeronáuticas S.A., 28022 Madrid, Spain

The accelerometers used for the measurement of microvibrations or microgravity applications, such as active
control of space structures, attitude control, scienti� c payloads, or even on-Earth testing of structures at very
low-excitation levels, require a dedicated calibration procedure that includes the gravitational effects. Otherwise,
on-Earth calibrations can be inaccurate due to the collateral projection of the local gravity onto the sensitive
axis. An on-Earth calibration technique for the 10 ¡ 7–10 ¡ 2-g amplitude range and 0–100-Hz frequency range is
described. Special attention has been given to the modeling of gravitational effects on the response of the calibra-
tion device and the accelerometer itself. The sensitivity and resolution tests performed on piezoelectric accelerome-
ters show the accuracy and the potential of this technique.Typical scale factor uncertainty,which hasbeen carefully
analyzed, is of the order of 2% at acceleration levels of 10¡ 5 g.

Nomenclature
A = net acceleration vector projected on the pendulum

reference, m/s2

A = dimensionless pendulum parameter, related to the
characteristic frequency x1; Eq. (3)

B = dimensionless pendulum parameter, related to the
excitation amplitude; Eq. (3)

C = dimensionless pendulum parameter, related to the
frequency x2, LaÄ02

0 =g
Ci = in� uence coef� cient of the magnitude i in the global

uncertainty
e = sensitive axis of the accelerometer
g = local gravity acceleration vector, m/s2

g0 = reference acceleration of gravity, 9.80665 m/s2

Hos = sensitivity of the optical sensor, V/m
I = moment of inertia of the calibration pendulum

excluding the contributionof the excitation mass,
kg ¢ m2

L = rotation radius, m
Los = optical radius of measurement, m
L1 = length of the pendulum beam, m
M = mass of the pendulum excluding the excitationmass, kg
m = excitation mass, kg
SF = scale factor or sensitivity of the accelerometer, V=g or

pC=g
u = displacement of the excitation mass referenced to the

pendulum, m
u i = uncertainty of the magnitude i
ur ; uµ = unit reference vectors bounded to the calibration

pendulum
V = output voltage, V
x = dimensionless excitation frequency; Eq. (3)
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jx j = amplitude of magnitude x
x1 = dimensionless zero-oscillation-amplitude frequency,

1=
p

A
x2 = dimensionless zero-acceleration-amplitude frequency,

1=
p

C
° = nondimensional effective damping coef� cient
1 = damped period of oscillation in damping test, s
± = centering parameter with respect to the pendulum

centerline, m
±®; ±¯ = misalignment angles of the sensitive axis with respect

to the pendulum axes
" = balance error angle, rad
µ = oscillation angle of the pendulum with respect to the

local vertical, rad
¸ = transverse sensitivity coef� cient
Äp = contributionof parasitic stiffness to nondamped

eigenfrequency,Hz
Ä0 = nondamped eigenfrequencyof the rigid-body rotation

without parasitic stiffness
Ä0

0 = nondamped eigenfrequencyof the rigid-body rotation
with parasitic stiffness, Hz

Ä1 = damped eigenfrequencyof the rigid-body rotation with
parasitic stiffness, Hz

! = frequency of the excited movement, Hz

Subscripts

a = accelerometer
e = excitation
M = pendulum excluding excitation mass
m = excitation mass
os = optical sensor
r; µ = radial and azimuthal directions
0; 1 = zero and high frequency, respectively

Introduction

T HE accelerometersused formicrogravityormicrovibrationap-
plications must be calibrated taking into account the effect of

the different gravitationalenvironments,i.e., the 1-g on-Earth envi-
ronment compared to the microgravityorbital environment.Typical
applicationsthat require an on-Earth calibrationwith the purposeof
characterizing the behavior of the accelerometers in the low-level
range are as follows:

1) The prediction of the response of space structures requires
modeling and on-Earth testing. When consideringactive control of
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the structures and its coupling with attitude control, the effect of
the different gravitational environments must be introduced in the
models.1 Intensive testing is usually necessary for two reasons: the
determination of parameters and the validation of the models. For
these tests, particularly in closed-loopoperation,highly reliable ac-
celerometersand a carefulanalysisof the measurementsare needed.

2) Scienti� c payloadsusually require the measurementor knowl-
edgeof the microgravityperturbationsto correlatethem with the ex-
perimentalresults. This is extremely important in the particularcase
of experiments involving � uids. The residual gravity (quasisteady
perturbation) is known to modify the equilibrium shapes of slender
liquid bridges.2 This fact has led to their use as highly sensitive ac-
celerometers.Time-dependentperturbations,known as g jitter, also
have an in� uence on � uid con� gurations,especially in the presence
of temperature and concentrationgradients.3;4 Consequently, refer-
ence accelerometersare needed,and their on-Earth calibrationmust
account for the effect of the local gravity. In the case of quasisteady
measurements, the bias and the sensitivityof Q-� ex accelerometers
obtained from on-Earth calibration cannot be directly extrapolated
to the in-orbit operation.5 Hence, gravity-dependentresponse mod-
els are unavoidable if in-orbit calibration cannot be afforded.6

3) The design of complex space systems includes speci� cations
of vibration transmission from components to subsystems and vice
versa. Such speci� cations are required for the international space
station (ISS). Vibration requirements have been imposed on ISS
systems and payloads; acceptable levels are given by the Naumann
curve,7 which speci� es a 1-¹g rms vibration level in the quasi-
steady range. Ground tests are thus necessary for the determination
of the vibration level transmitted. The European Space Agency’s
ARTEMIS spacecraft also has strong requirements on the vibra-
tion transmission to guarantee the pointing accuracy of the SILEX
optical payload.8

Calibrationdevicessuch as electromechanicalshakingtableslack
accuracy when excited at very low amplitudes. One reason is the
undetermined projection of the environmental gravity, which can
become of the same order of magnitude as the excited accelera-
tion. As a general rule, an acceleration amplitude of 1 ¹g can be
confused with a microradian oscillatory misalignment. Hence, the
development of speci� c devices and techniques is needed for the
microgravity range.

An on-Earth calibration technique for accelerometers devoted to
the measurement of microvibrations using standard equipment is
proposed.Althoughthe proceduresdo notdependon theaccelerom-
eter type, the models are speci� cally adapted to piezoelectric ac-
celerometers. Other applications of the technique can be found in
previous works.6 In the following, the concept of the calibration
setup, the response models, and the tests performed on the engi-
neering model are described. Uncertainties are carefully analyzed
to characterize the quality of the measurements. The technique is
applied to two commercial accelerometers at very low acceleration
levels, down to 10¡7 g, showing successful results and, most im-
portant, the potential of high-quality calibration for microvibration
applications.

Calibration Technique and Models of the Response
The calibration technique is based on the generation of microac-

celerationsby meansof a speciallydevelopedfacility,the calibration
pendulum. This instrument has been designed and tested for gen-
erating reference accelerations in the range 10¡7–10¡2 g between
0 and 100 Hz. The calibration procedure is indirect; reference data
must be generated to determine the input to the sensor and the scale
factor. However, due to the pendulum oscillations,not only are ref-
erenceaccelerationsgenerated,but also a collateralprojectionof the
local gravity acceleration on the sensitive axis appears. When deal-
ing with microaccelerations, this effect must be modeled to avoid
errors in the measurements of the same order of magnitude as the
measurement itself.

The calibration concept is shown in Fig. 1 and follows that pre-
sented in Ref. 6. The motion of the pendulum is produced by the
displacement of the excitation mass. The reference signal is ob-
tained by the measurement of the pendulum excited oscillationsby
means of a high-resolution optical displacement sensor (Keyence

Fig. 1 Calibration concept; the tangential acceleration Aµ is propor-
tional to the oscillation amplitude jj µ jj .

Fig. 2 Geometry of the pendulum.

PA-1810). This allows the determinationof the accelerationand the
local gravity, both projected onto the sensitive axis. By comparing
the net acceleration to the accelerometer output, the scale factor is
obtained, in either volts per acceleration of gravity (9.80665 m/s2 )
or picocoulomb per acceleration of gravity, depending on the ac-
celerometer type. The measured scale factor, de� ned as the ampli-
tude ratio of the accelerometer output jVa j and the net acceleration
in the tangential direction of the motion jAµ j, is given by

SF.!/ D jVa j=jAµ j (1)

This scale factor is affected by the uncertainties that arise from the
determinationof the parameters and the measurements themselves.

Calibration Pendulum Model
A detailedmodelof the pendulumand the accelerometerresponse

is required to design for a speci� c measurement range and to de� ne
the procedures. The geometric parameters of the pendulum, whose
model is given in the Appendix, are shown in Fig. 2. It consists of a
beam of length L1 hanging horizontally from a hinge point H with
the center of mass at a distance L M . The only rigid-solid degree of
freedom is the rotation of the beam, µ , around the point H. The ac-
celerometer is placed on the beam with the radius of rotation La and
its sensitive axis oriented tangentially. Also attached to the beam,
the excitation system is located at a distance Le . The parameters
±m will be used for balancing the pendulum and ±a for controlling
measurement errors. The values of these parameters, the excitation
mass m, and the mass of the rest of the system M will be obtained
from the design process.

The differential equation (A3) in the Appendix represents the
linearmodel of the pendulum.The oscillationamplitude response is

jµ j D
BjAx 2 ¡ 1j

.1 ¡ x2/2 C 4° 2x2
(2)
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Fig. 3 Effect of the parameter A in the amplitude response of the pen-
dulum as a function of x = !/X 0

0 . A(a) = 4.0, A(b) = 0.25. B = 0.002 and
° = 0.05 for both.

Fig. 4 Effect of the damping parameter ° on X 1; A(a) = 4.0, A(b) =
0.25.

where

x D
!

Ä0
0

; A D
Le

g
Ä02

0 ; B D
mjujg

I C m L2
e C ±2

m Ä02
0

(3)

and ° is a nondimensionalglobal damping coef� cient that includes
friction as the main effect. Figure 3 shows jµ j as a function of x for
A D 0:25 and 4. The phase response experiences 180-deg jumps
across the resonance frequency x D 1 and x D x1 D 1=

p
A. The

effective nondamped eigenfrequency Ä0
0 consists of two contribu-

tions: one deduced directly from the dynamic model of the Ap-
pendix and the other resulting from a parasitic stiffness arising from
the connecting wires. Thus, we can write

Ä02
0 D Ä2

p C Ä2
0 D Ä2

p C .ML M C mL e/g

I C m L2
e C ±2

m

(4)

Consequently,the system can be describedwith the threenondimen-
sional parameters A, B, and ° . Their determinationand use for the
pendulumdesign process is supportedby the followingcharacteris-
tic values: 1) amplitude for high frequencies .! ! 1/, jµ j D µ1 D
AB ; 2) amplitude for small frequencies.! ! 0/, jµ j D µ0 D B; and
3) frequency for zero amplitude .jµ j D 0/, x D x1 D 1=

p
A.

It can be observed that two different characteristic frequency-
response curves can be obtained, depending on the parameter A
(Fig. 3). For A > 1, which means g=L e > Ä02

0 , the frequencyof zero
amplitude lies below the eigenfrequency. The two curves shown
belong to A < 1 and A > 1. A singular case is A D 1, very dif� cult
to reproduce experimentally, in which the amplitude response is
� at.

The damping coef� cient avoids having the in� nite amplitude at
resonance and changes slightly the frequency of maximum ampli-
tude, but the parameters A and B do not depend on ° and, hence,
the general shape of the amplitude responsedoes not change signif-
icantly. Equation (A4) gives the frequency of maximum amplitude
Ä1 . Depending on whether A is greater or less than unity, Ä1 can
be greater or less than the nondamped eigenfrequency,respectively
(Fig. 4). The worst case would represent an in� nite Ä1 for high
damping, which results from an extreme � atteningof the amplitude
response and the absence of a maximum-amplitude point. These
results will be considered for the experimentaldeterminationof the
actual pendulum parameters.

Fig. 5 Typical acceleration response on the pendulum for A = 4, B =
0.002, and ° = 0.05.

Accelerometer Model
The calibration of accelerometers on the pendulum is based on

the precise determination of their response to the excited motion.
This response is proportional to the net acceleration(de� ned as the
combined effect of the acceleration and gravity � elds on the ac-
celerometer’s seismic mass) projected on the sensitiveaxis. For this
purpose, it is required to have a model for the functionaldependence
of the net acceleration on the oscillation amplitude jµ j, the excita-
tion frequency !, and the local gravity g. In the following, the net
accelerationmodel will be applied to piezoelectrictransducers.The
sensitiveaxis is assumed to be tangential to the direction of motion.
(Misalignment will be considered only for the analysis of measure-
ment errors.)Under these assumptions,it can be proven that only the
rotationradius La , and not the centeringparameter±a , appears in the
expression for the net acceleration in the tangential direction, i.e.,

Aµ D g ¡ La!2 jµ.!/j sin !t (5)

In this result, the lineardistributionof theacceleration� eld actingon
the seismic mass has been taken into account. Figure 5 is a typical
acceleration response of the accelerometer on the pendulum us-
ing Eq. (5). Another zero-amplitudepoint appears at the frequency
x D x2 D 1=

p
C , where C D LaÄ02

0 =g. For high frequencies,
the acceleration is quadratic on x ; in a log-log plot it approaches
the straight line log.jAµ j=g/ D log.ABC/ C 2 log x , which has the
slope 40 dB/decade. The acceleration phase experiences 180-deg
jumps at x D x1, 1, and x2 .

The parameter ±a in� uences the radial acceleration and, hence,
the transverse sensitivity and misalignment error. The normal-to-
tangential ratio is given by

jAr j
jAµ j

D ±a!2

g ¡ La!2
(6)

and will be used for the uncertainty analysis.

Pendulum: Design and Validation
The pendulum must be designed with the requirement of gener-

ating accelerations in the range of 10¡7 –10¡2 g. This requirement
givessuf� cientconditionsfor sizingthe dimensionlessparameters A
and B. In a � rst approach,the dampingcoef� cient can be set to zero.
From A and B and other practical considerations, the dimensional
parameters can be determined. Restrictions are imposed by the ac-
curacy of the output measurements and by the optical resolution,
which is 1 ¹m for the chosen sensor. Because the lowest accel-
eration level depends on the amplitude resolution of the available
excitationdevice, only the upper accelerationlevel can be imposed.
Notice that frequencyand accelerationare not independent; the lat-
ter behaves as the square of the former at high frequencies (Fig. 5).
This implies that high acceleration levels will be obtained at high
frequencies and that the most critical design limit is the upper ac-
celeration level. The two principal conditions are, thus, the optical
resolution,with a safety factor, and the maximum acceleration

.L1=2/jµ j ¸ 5 ¹m (7)

jAµ j
g0

D
La!2

g0
¡

g

g0
jµ j · 10¡2 (8)
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Table 1 Design point of the calibration pendulum

Parameter Unit Estimated value Variability

u0 max m 20 £ 10¡6 0–20£10¡6 a

L1 m 1.000 §0:1b

La m 0.022 §0:002c

L M m 0.100 §0:05b

Le m 0.175 §0:01b

m kg 0.750 0.5–1:0b

M kg 2.000 §0:5b

Ä0
0 rad/s 8.2 5–12c

A —— 1.2 0.5–5:0b

B —— 1:1 £ 10¡5 5 £ 10¡6–5 £ 10¡5 a

° —— 0 0.0–0:5b

aControl parameter. bDesign margin. cUncertainty.

Hence, the maximum frequency that can be obtained for a given
tangential acceleration depends on the minimization of the prod-
uct La jµ j. The minimum practical value for La is 1 cm in the
present con� guration, whereas the lowest oscillation amplitude jµ j
is limited by the optical resolution. From Eq. (7), the higher L1

is, the weaker the optical resolution requirement on the oscilla-
tion amplitude, and therefore, from Eq. (8), the maximum com-
patible frequency can be increased. With L1 D 1 m (the highest
practical value considered), the amplitude for maximum frequency
is jµ.!max/j D 10 ¹rad. Considering the high-frequencyasymptotic
value of the pendulum, this leads to µ1 D AB D 10 ¹rad. With AB
� xed at highfrequenciesfor the lowestmeasurableamplitude, B can
be increased at lower frequenciesusing the excitationparameter juj
to obtainhigheroscillationamplitudesand reduceerrors.With these
requirements, a � rst approximation for the maximum frequency is
!max D

p
[10¡2 g0=.µ1 La/] ¼ 150 Hz.

After applying the requirements to the nondimensional param-
eters, the dimensional parameters must be sized. This sizing is a
delicate tradeoff process, depending on the characteristics of the
equipment available. See Table 1 for our particular design point.
Of remarkable dif� culty is the estimate of the nondamped eigen-
frequency. Our experience has shown that the parasitic stiffness
introduces a factor of about 2 in the eigenfrequency, causing the
coef� cient A to jump above 1.

Another important effect of the length of the beam is the control
of the bending eigenfrequencies because of their proportionality
to 1=L2

1 , thus imposing another limit to the maximum frequency.
The pendulum beam has been made with an aluminum tube with
the lowest eigenfrequencycorresponding to the � rst bending mode
with free-free boundaries.9 Hence, f1.Hz/ D 4:72p

.E I=Mb/=
.2¼ L2

1/ ¼ 170 Hz, higher than !max .
To determine the actual value of the parameters and validate the

model of the pendulum, comparison with tests is required. The val-
idation procedureproposed is based on the determinationof param-
eters by experiments and the subsequent comparison of model and
measured response. Note that, although the determination of the
pendulum parameters is not essential to the calibration concept, it
is needed for the pendulumcontrol.The parameters that require de-
termination are A, B, ° , and the nondamped eigenfrequencyÄ0

0 . A
standard damping test, needed to determine Ä0

0 and ° (and, hence,
Ä1 and A, assumed L e and the local gravity known), will be de-
scribed and applied. The exact determination of B is, however, ex-
tremely dif� cult and can be obtained only from an experimental
amplitude response. Both tests are described in the following sec-
tion. Procedures based on phase jumps have not been used because
they require an extremely accurate frequencymeasurement and are
subject to nonlinear effects.

Damping Test
The methodused is the logarithmicdecrement.Nonforcedoscilla-

tions of the pendulumare recorded after a small displacement from
its equilibrium. The expected time response is a typical damped
oscillation of the form µ D C1 exp.¡° Ä0

0t/ sin.Ä0
0

p
.1 ¡ ° 2/t

CC2/ C ". The constants depend on the initial conditions at the
release. Taking the logarithm and subtracting the last expression

Fig. 6 Measured amplitudes of oscillation (spectrum A) and ISOS-
HEAR acceleration output (spectrum B) vs excitation frequency with
jj ujj = jj ujj max /4 ¼ 5 ¹m, La = 94 mm, pointer ( ­ ) at 1.475 Hz, Vos =
1.01E ¡ 4 V, Va = 5.19E ¡ 4 V, and frequency resolution D f = 0.025 Hz.

evaluated at two different times t and t 0 D t C n1, where n is an
integer and 1 D 2¼=[Ä0

0

p
.1 ¡ ° 2/], we have

µ ¡ µ 0 D 2¼n°

1 ¡ ° 2
(9)

Both ° and Ä0
0 are then determined. As a consequence, assuming

L e known from the geometry, A can be calculated using Eq. (3).

Amplitude-Response Test
A frequency sweep of the excitation at � xed juj is applied in

the range of interest, and the outputs of the optical sensor and the
accelerometer are recorded (Fig. 6). The measurement of the pen-
dulum oscillation amplitude as a function of frequency allows the
determination of µ1 D AB and the frequency Ä1 . It is usually dif-
� cult to obtain the value of B from the low-frequency amplitude
because its value is hidden by low-frequency perturbations. The
damping coef� cient can be obtainedusing the maximum-amplitude
point if available.

Because of the imperfections of the hinged support and the par-
asitic stiffness, the values of dissipation and nondamped eigenfre-
quency,and thus A and B , change from one test to another, although
the value of AB remains constant for the same excitation level. This
preservation of AB , observed experimentally, can be veri� ed with
Eqs. (3) because the product AB does not depend on Ä0

0 or ° . The
damping test is, to the authors’knowledge, the only accurateproce-
dure to estimate the dissipationand the parameter A, and its results
will be extrapolated to other tests. As already mentioned, the deter-
mination of A, B, and ° is not essential to the calibration technique
because AB is controlled.

Experimental Results for the Pendulum Response
Several damping tests have been carried out on different con� g-

urations. The oscillation shows the damped behavior described by
the precedinganalysis.Two series of data are consideredseparately,
the maxima and the minima, due to zero offset introduced by the
imbalanceof the pendulum.Each � ts satisfactorilya straight line, as
describedby Eq. (9). From one con� gurationwe obtain the damped
period 1 D 2:25 § 0:01 s, and from the average of the slopes of
the two regression lines, ° D 0:174 and Ä0

0 D 1:80 Hz. For the
pendulum under consideration, L e D 17:5 cm; hence, A D 2:2 and
Ä1 D 1:94 Hz.

The parameter B, as already mentioned, has to be obtained
fromdirectmeasurementon the amplitude-responsecurve.Figure 6
shows the results of an oscillation amplitude test. In this case
µ1 D AB D Vos=.Hos Los/ ¼ 2:42 £ 10¡6 (at ! D 5 Hz, assumed
close to the asymptotic value). For this particular test, the value of
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Fig. 7 Matching of the model and an amplitude test: A = 4.38, B =
4:6 £ 10¡ 7 , and ° = 0.056.

AB corresponds to one quarter of the maximum excitation ampli-
tude, although it is still above the optical resolutionlimit. Full-scale
excitation would give a value close to the design point (Table 1),
consistentwith the designgoals.The parameter B can be obtainedin
this test from the low-frequencyamplitude.Thus, we have A D 1:72
and B D 1:35 £ 10¡6 . This shows the variability of the pendulum
parameters from test to test due to the different con� gurations that
modify the parasitic stiffness and the damping coef� cient. Low-
frequency perturbations and noise have an important effect in the
measurements, especially at the amplitude zero point x1. The value
of x1 predicted by the linear model is

p
.g=L e/ ¼ 1:15 Hz, whereas

1.475 Hz is indicated in Fig. 6. The difference is indicativeof errors
in the experimentaldeterminationcaused by the low-frequencyper-
turbations already mentioned and second-order terms not retained
in the model that become relevant when � rst-order terms cancel
out. Furthermore, the acceleration response in Fig. 6 does not show
zero-amplitudepoints because they have been smoothed out. These
are the reasons for not using characteristic frequencies for the de-
termination of parameters;only the upper frequency range is useful
in this con� guration.

In Fig. 7 another amplitude-response test is shown. Although A
and B are different,µ1 D AB ¼ 2:0£10¡6 , very close to the earlier
value for the result in Fig. 6. After matching the nondimensional
parameters, the correlation between experimental results and the
theoretical model is good. The useful range lies above 3 Hz in this
case. The excitation amplitude can be increased for controlling the
accelerationlevel,and themeasurementrangecanbe easilychanged
to enable lower-frequencymeasurements.The presentcon� guration
behaves as a high-pass � lter, but using an A lower than unity, the
low-frequencyrangewouldbe enhanced,increasingat the same time
the cutoff frequency as required by microgravity applications.6

Uncertainty Analysis
In this section a method for the assessment of uncertainties, an

essential issue in calibration techniques, is described. It follows the
principlesstatedin the ISO Guide to theExpressionof Uncertainty.10

Uncertainties are classi� ed in two categories: type I, which can be
objectively deduced from the measurements and statistical proce-
dures, and type II, which is evaluated by scienti� c judgment based
on available information, such as previous data, experience,or gen-
eral knowledge. As uncertainty is associated to standard devia-
tion, the combined uncertainty for the scale factor measurement
is u2

SF D u2
SF;I C u2

SF;II .
Introducing in Eq. (1) the expression for the accelerometer’s re-

sponse and using the proportionalityof the optical sensor output to
the pendulum rotation jVosj D Hos Losjµ j, we have

SF.!/ D
Hos Los

g ¡ La!2

jVaj
jVosj

(10)

In viewofEq. (10), sensitivityto errors can be attributedto the de-
termination or measurement of the excitation frequency, the output
voltages, the accelerometer rotation radius, and the optical parame-
ters. Axis misalignmentand transversesensitivityof the accelerom-
eter are also responsible for uncertainty. The in� uence coef� cients

are calculated from Eq. (10), which corresponds to the ideal situa-
tion of perfect alignment and zero transverse sensitivity. Misalign-
ment and transversesensitivityeffects will be consideredafterward.
Hence, the following in� uence coef� cients Ci D j@SF=@i j can be
directly calculated:

C! D SF ¢ 2La!

g ¡ La!2
; Ca D SF

jVa j
; Cos D SF

jVosj
(11)

CLa D
SF ¢ !2

g ¡ La!2
; CH D

SF
Hos

; CLos D
SF
Los

These sensitivity coef� cients contribute to the uncertainty through
the error propagation law,

u2
SF D C2

i u2
i (12)

Besides the uncertainty introducedby the parameters, the misalign-
ment error introduces an uncertainty in the input acceleration. In
Eq. (1), Aµ should be replaced by Aaxis D A ¢ e, the projection of
the net accelerationvector onto the sensitive axis of the accelerom-
eter, whose exact orientation is unknown. Using the results of the
accelerometer model, in the pendulum intrinsic reference frame

A ¼ g ¡ La!2 µuµ C ±a!2µur C 0 ¢ ur £ uµ (13)

e ¼ uµ C ±®ur C ±¯ur £ uµ (14)

where ±® and ±¯ are the misalignmentangles of the accelerometer’s
sensitiveaxis to the pendulumframe,whichcanbe consideredsmall.
Thus, we have Aaxis ¼ Aµ C ±® Ar . Inserting this in Eq. (1) in place
of Aµ and retaining the � rst term of the series expansion for small
misalignment angles,

SF ¼ jVa j=jAµ j[1 ¡ .jAr j=jAµ j/±®] (15)

Equation (15) is deterministic, i.e., if the misalignment angle were
known, its effect on the scale factor could be calculated.6 However,
inasmuch as misalignments are not measured in this particular ap-
plication,a stochastic interpretationis more appropriate,and hence,
using Eq. (6), the in� uence coef� cient of misalignmentcan be com-
puted as

C® D
@SF

@±®
¼

SF ¢ ±a!2

g ¡ La!2
D ±aCLa (16)

Slightlymore subtle is theevaluationof transversesensitivity,which
is also faced from a stochastic point of view as an uncertainty for
the scale factor. In Eqs. (1) and (15), the accelerometer’s output
voltage must be considered to be the superposition of two signals,
the axial and the transverse contributions,which are approximately
tangential and radial, respectively.Hence, Va ¼ Va;µ C Va;r . From
the manufacturer’s speci� cations, the transverse contribution can
be assessed as Va;r ¼ Ar ¸ SF, resulting in the following in� uence
coef� cient due to transverse sensitivity:

C¸ ¼ SF.jAr j=jAµ j/ D ±aCLa (17)

which is the same as for a misalignment. This is physically cor-
rect because transverse sensitivity can be mainly attributed to an
internal misalignment. The expression for the relative uncertainty,
considering the mentioned contributions, is then

u2
SF

SF2
D 2La!2

g ¡ La!2

2
u2

!

!2
C

u2
a

V 2
a

C
u2

os

V 2
os

C
La!2

g ¡ La!2

2
u2

La

L2
a

C
u2

Los

L2
os

C
u2

H

H 2
os

C ±a!2

g ¡ La!2

2

u2
® C u2

¸
(18)

Equation (18) demonstrates the high sensitivity to errors when mea-
suring close to the characteristic frequency ! D

p
.g=La/. More-

over, the smaller the centering parameter ±a and the higher the opti-
cal radius and sensitivity, the smaller the uncertainty.Table 2 shows
typical type II uncertainty contributions to Eq. (18).
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Table 2 Typical type II uncertainties in Eq. (18)

Contribution to
Denomination and remarks In� uence coef� cient Uncertainty .uSF=SF/2

Acceleration resolution D 1E ¡ 4 V 1.0
ua

Va
D resolution

Va

p
12

¼ 1E ¡ 3 1E ¡ 6
Va D 0:0279 V

Oscillation resolution D 1E ¡ 5 V 1.0
uos

Vos
D resolution

Vos

p
12

¼ 3E ¡ 3 9E ¡ 6
Vos D 0:00107 V

Frequency resolution D 1 mHz 2La !2

g ¡ La!2
¼ 2:0

u!

!
D resolution

!
p

12
¼ 2E ¡ 5 2E ¡ 9

! D 18 Hz

Rotation radius, mm La !2

g ¡ La!2
¼ 1:0

uLa

La
¼ 2E ¡ 2 5E ¡ 4

La D 94, uLa · 1:5

Optical length, mm 1.0
uLos

Los
¼ 6E ¡ 4 4E ¡ 8

Los D 471, uLos ¼ 1=
p

12

Optical sensitivity, V/mm 1.0
uH

Hos
¼ 1E ¡ 2 1E ¡ 4

Hos ¼ 1:02, uH ¼ 0:01

Misalignment, mm ±a!2

g ¡ La!2
¼ 0:1 u® ¼ .2E ¡ 2/=

p
12 3E ¡ 7

±a ¼ 10

Transverse sensitivity ±a!2

g ¡ La!2
¼ 0:1 u¸ ¼ 0:01 1E ¡ 6

u¸ ¼ 0:01

Table 3 Sensitivity calibration of the ISOSHEAR accelerometera

f , Hz Ve, V Va , mV Vos , mV Aµ , 10¡6 g0 SF, V/g0 SF, pC/g0

25.5 1.0 54.2 1.090 556 0.975 1052
18.0 1.0 27.9 1.075 272 1.025 1106
18.0 2.0 59.9 2.310 585 1.024 1105
13.5 1.0 16.1 1.080 153 1.054 1137
13.5 2.0 34.6 2.315 328 1.056 1139
11.0 0.5 5.20 0.510 48 1.088 1173
11.0 1.0 10.9 1.080 100 1.083 1169
11.0 2.0 23.4 2.325 217 1.080 1165

aAcceleration gain D 100, La D 94§ 1:5 mm, Hos D 1:024§ 0:001 V/mm, Los D 471§ 2 mm, uSF/SF D 0.02.

Accelerometer Calibration Tests
The calibration technique has been applied to the shear piezo-

electric accelerometers ENDEVCO ISOSHEAR® 7703a-1000 and
ISOTRON® 7751-500. The ISOSHEAR accelerometer has a nega-
tive slope of the frequency response in the useful range of frequen-
cies, whereas the ISOTRON, whose signal is internally treated, has
an almost constant response, except for the dc decay. The nominal
sensitivityof the ISOSHEAR specimen is 1079 pC/g at 100 Hz, and
it is 485 mV/g for the ISOTRON. Sensitivity and resolution have
been measured at different frequencies, the resolution being deter-
mined at the lowest detected acceleration level, while preserving
linearity over amplitude.

A recordof the outputs duringa sensitivity test is shown in Fig. 8.
Notice the peaksat 50 Hz, which come from the ac line, and the peak
at 2 Hz, the eigenfrequencyof the pendulum.The signal information
is contained in the 17.5-Hz peak, which is the excitation frequency.
In Table 3, several measured sensitivities are listed at different fre-
quencies for the ISOSHEAR accelerometer.At each frequency, the
several excitation levels show repeatabilitywithin the measurement
errors. The associated total uncertainty is dominated by uLa=La ¼
0:02 for type II, whereas type I uncertainty is negligible. Thus, we
have for La D 94 § 1:5 mm a total uncertainty uSF=SF ¼ 0:02,
which can be improved if necessary by modifying the hinged sup-
port. The frequency response has a negative slope, as expected, and
theabsolutevaluesof the sensitivityare close to thenominalgivenby
the manufacturer but slightly different and obtained at much lower
accelerationlevels.Table 4 is the summary of sensitivitiesmeasured
on the ISOTRON accelerometer.Type I uncertaintiesin this case are
not negligible due to the noisy behavior of the accelerometer. The
total uncertainty is in this case uSF=SF D 0:04.

Table 4 Sensitivity calibration of the ISOTRON accelerometera

f , Hz Ve, V Va , mV Vos , mV Aµ , 10¡6g0 SF, mV/g0

20.0 1.0 152 1.08 337 451
17.5 1.0 115 1.08 257 447
10.0 1.0 33 1.11 85 388

a La D 94 § 1:5 mm, Hos D 1:024 § 0:001 V/mm, Los D 471 § 2 mm, uSF/SF D 0.04.

Table 5 Resolution test on the ISOSHEAR accelerometera

f , Hz Ve , V Va , mV Vos, mV Aµ , 10¡6 g0 SF, pC/g0 £ 10¡3

17.5 0.10 0.55 0.100 5.4 1.10
17.5 0.09 0.48 0.080 4.3 1.20
17.5 0.08 0.43 0.075 4.1 1.14
17.5 0.07 0.38 0.070 3.8 1.08
17.5 0.06 0.33 0.060 3.3 1.10
aAcceleration gain D 100, La D 22§1:5 mm, Hos D 1:024§0:001 V/mm, Los D 471§
2 mm, uSF /SF D 0.10.

Table 5 summarizes the resolution tests performed on the ISO-
SHEAR accelerometer.Signi� cant variationsof the measured scale
factor are evident while reducing the excitation level, due to an
increase in the relative measurement uncertainty of the oscillation
output.Althoughnot reportedin Table5, accelerationlevelsdown to
10¡7 g have been measured but with an uncertainty greater than
uSF=SF D 0:10. The associated uncertainty of the scale factor is
too high because of poor behavior of the hinged support (La D
22 § 1:5 mm). This has produced an uncertaintyof uSF=SF D 0:10,
which could have been reduced to 0.04 with a better knowledge
of La . In any case, the lower bound of the technique has not been
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Fig. 8 Frequency spectrum record ofa sensitivity test with La =22mm:
Channel A is the ISOSHEAR accelerometer and channel B the optical
sensor; pointer ( ­ ) at 17.5 Hz, Vos = 5.11E ¡ 4 V, Va = 2.97E ¡ 3 V,
frequency resolution D f = 0.25 Hz.

reached in this test, and an improvement of the hinged support will
reduce the uncertainty. This improvement would consist of minor
geometrical changes in the mechanical design.

Conclusions
A calibration device of accelerometers for microvibrations and

the correspondingmodelingand experimentalprocedureshavebeen
developed. This calibration technique can be applied to accelerom-
eters devoted to microgravity and microvibration applications that
range from structural active control to scienti� c orbiting payloads
and spacecraft attitude control. One of the aims has been the ex-
clusive use of an on-Earth laboratory with standard equipment.
The speci� ed measurement range is 10¡7–10¡2 g and 0–100 Hz.
The analysis and results presented include the models of the cal-
ibration device and the design procedure, the tests performed on
the calibration device, the analysis and assessment of measure-
ment uncertainty, and the application of the technique to commer-
cial accelerometers for the measurement of the sensitivity and the
resolution.

Two commercial accelerometers have been calibrated in the
required range of acceleration and frequency. Sensitivity has
been measured in the 10¡6 –10¡4 -g range with an uncertainty of
uSF=SF ¼ 0:02–0.04.Accelerationsdown to 10¡7 g havebeen mea-
sured but with a moderately higher uncertainty.

As deduced from the uncertainty analysis, improvements can be
introduced to increase the accuracy. The main dif� culties encoun-
tered arise from thebehaviorof thehingedsupportused.They are the
uncertaintyin the rotation radius La , the main sourceof uncertainty,
and vibration eigenfrequencies,limiting the actual frequency range
of measurement. Another dif� culty is the parasitic stiffness, which
is responsible for changing the pendulum eigenfrequencyfrom test
to test, although the characteristicoscillationamplitude µ1 remains
constant.However, the robustnessof the techniquehas been proven
because the accelerometerscan be calibratedwithout knowledgeof
the exact values of the pendulum parameters A, B, and ° . This is
due to the � ne excitation control and the precise measurement of
the pendulum oscillation amplitude.

Appendix: Model Equations
for the Calibration Pendulum

This Appendix is a deduction of the pendulum model, showing
the simpli� cations introduced.Consider Fig. 2 for the de� nition of
the pendulum parameters. The dynamical system is described by
Lagrange’s equation

d

dt

@L

@ Pµ
¡ @L

@µ
D 0

which applied to the Lagrangian function L of the system yields the
equation of motion

I C m L2
e C u2 Rµ C 2mu Pu Pµ C mL e Ru

C .ML M C mL e/g sin µ C .M±M C mu/g cos µ D 0 (A1)

Small oscillation amplitudes will be considered.The excitation has
been imposed as the geometricconditionu D ±m Cjuj sin.!t/, from
which a Mathieu-type equation is obtained:

I C m L2
e C [±m C juj sin.!t/]2 Rµ

C f2mjuj![±m C juj sin.!t/] cos.!t/g Pµ C .MgL M C mgL e/µ

D L e!
2 ¡ g mjuj sin.!t/ ¡ .M±M C m±m/g

This equationcan be simpli� ed for juj ¿ L e. Furthermore,because
this dynamic model is free of damping and the harmonic coef� cient
of Pµ will be negligible compared to real damping, the coef� cient
of Pµ can be replaced by a constant to be determined by testing. A
linear second-order excited system results, where the nondamped
eigenfrequencyis

Ä0 D .ML M C mL e/g

I C m L2
e C ±2

m

(A2)

This eigenfrequency will be modi� ed by the nonnegligible para-
sitic stiffness exerted by the connectingwires. Therefore, Ä0 has to
be replaced by an unknown Ä0

0 to be determined by testing. Actu-
ally, the parasitic stiffness can be modeled with a � ctitious spring
introducing the eigenfrequencyÄp and, hence, Ä02

0 D Ä2
p C Ä2

0 .
The term M±M C m±m comes from a balancing error because the

center of mass of the system, located in pendulum axes at [.ML M

C m Le/ur C .M±M C m±m /uµ ]=.M C m/, has its initial equilib-
rium position in the local vertical of the hinge point, thus introduc-
ing an initial balance error angle of the magnitude " D ¡.M±M

C m±m /=.ML M C mL e/, assumed to be small. This balance error
" appears in the time response as a constant displacement but has
no relevance if amplitudes are measured. Finally, after all of these
considerations, the following equation is used for modeling:

Rµ C 2° Ä0
0

Pµ C Ä02
0 µ D

L e!
2 ¡ g

I C m L2
e C ±2

m

mjuj sin.!t/ C Ä02
0 "

(A3)

Removing the initial transient, the amplitude is given by Eq. (2) in
nondimensionalform, as a function of the dimensionlessexcitation
frequency. The effect of slight damping does not change this am-
plitude response signi� cantly, but qualitatively there are physical
considerations of relevance. The coef� cients A and B do not de-
pend on ° , but the frequency of maximum amplitude, obtained by
differentiatingthe amplituderesponse,changeswith the dampingas

Ä2
1

Ä02
0

D 1 ¡ A ¡ 2° 2

1 ¡ A C 2A° 2
(A4)

Depending on whether A > 1 or A < 1, damped eigenfrequency
Ä1 will increase or decrease compared to the nondamped eigenfre-
quency, respectively.
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